Using EM to estimate indel rates

SUPPLEMENTARY INFORMATION e I,(T), the expected number of insertions in the zone
This supplementary section describes how to calculate the Whose ancestral marker link died in the intery@lT]
sufficient statistics, Z, D and1. defined in section 3.3. without any surviving child links to the right;

Usually S is apparent from the observed data (we typically e f.(T), the expected number of insertions in the zone
observe the initial state of the system, or can treat oneof ou  whose ancestral marker link survived the interiéall’]

observations as the initial state using the “pulley pritegip without any surviving child links to the right;
ons contain botbbservedindunobservedontributions. The whose ancestral marker link died in the intery@lT]

observed contributions are the indels that constitute lhe a with at least one surviving child link to the right; and
gnment; these correspond to the parsimonious edit distance
i.e. the minimum set of indels required for the observed ali-
gnment. The unobserved contributions are from mutually
cancelling indel events, creating transient links thatraot
observed in the ancestor or descendant sequences. We first enumerate three possible fates for a link over a
We calculate the expectations by breaking the alignmentime interval: (i) it survives directly (i.e. the link is ndele-
(and the evolving sequence) into independemtes one for  ted); (ii) it survives indirectly (i.e. the link is deleteldyt has
each transition between states in the Pair HMM of Figure 1surviving descendants); (iii) it is extinct. We can alsosela
with an observed link (or link-pair) at the start of each zone sify insertion events in this way: consider an insertionimgir
This link is called themarker link the first zone’s marker link  the infinitesimal time intervalt,¢ + dt]. At the later time
is the immortal link. T, this inserted link may be directly surviving, indirectly
There are four types of zone; each transition in the paisurviving or extinct. The probability of each type of event
HMM corresponds to a unique type of zone. The four zoneduring the infinitesimal time intervat, ¢ + dt] is A, (T —t)dt
types, illustrated in Figure 7, are (i) a zone whose markefor directly surviving insertions),, (7' — t)dt for indirectly
link was deleted, with no surviving descendants to the righkurviving insertions and., (7' — t)dt for extinct insertions,
(transitions DM,DD,DE), symbolically; (ii) a zone whose where
marker link was not deleted, with no surviving descendants
to the right (transitions SM,SD,SE,MM,MD,ME,IM,ID,IE),

e I,.(T), the expected number of insertions in the zone
whose ancestral marker link survived the interigall’|
with at least one surviving child link to the right.

symbolically e; (iii) a zone whose marker link was deleted, Mo(t) = Aa(t)

with at least one surviving descendant to the right (transi- . B

tion DI), symbolically oe; (iv) a zone whose marker link Awl®) = AT —a®)()

was not deleted, with at least one surviving descendant to Az(t) = A1 —a(t)(1—7(t)

the right (transitions SI,MI,11), symbolicallye. Examples of

zone histories are shown in Figure 9. Let U(t|T) be the probablllty that, at tlmﬁ a link has not

In calculating the expectation’s D and Z for each zone, been deleted and has not had any insertions that will survive

we can assume without loss of generality that the marker linkindirectly or directly) to timef". This is given by the integral
was an ancestral link. This may seem counter-intuitiveneéf t €guation

marker link was inserted, it will be younger than the ance-

stral links, and so will have accumulated fewer unobserved ‘

descendants. However, in such a case, the inserted marketog v(¢|T") = 7/ (4 X (T =) + X (T — t'))dt’ (8)
link is itself descended from an ancestral link (directly or 0

indirectly). Unobserved transient indels from this aneest
link (and the lineage connecting it to the marker link) can
accumulate in the zone containing the marker link, exadtly a
if the marker link were itself ancestral. Thus the birth-¢iof

a marker link is, in fact, independent of the expected numbe
of transients in its zone.

Leta(t|T") be the posterior probability that an ancestral link
exists at time, given that by timel” it has been deleted with
no surviving descendants (defined in (13)). Given a single
insertion at time that is extinct by tim&”, the expected num-
ber of insertion events descended from this original insert
(including the original insertion itself) is+ I, (T — t). This
reasoning gives us integral equations fofT") and1, (T

5.1 Finding the expected number of insertionsin a L) - /T S TYN(T — (14 L(T — £)dt (9)
zone ° o ’ °

To calculate the expected number of insertions for all types . T .

of zone in the TKF91 model, we need Is = A (T = )(1 + Lo(T —t))dt (10)

t
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For I, (T") andI,.(T'), we need to condition on the last
(directly or indirectly) surviving insertion from the arsteal
link. We call this event th@ropagation eventwritten P for
short. Examples of direct and indirect propagation evergs a
shown in Figure 9.

Suppose that the propagation event happens atttiffiee
insertion events that we must count includeHitself (total-
ling 1); (ii) any extinct insertions at the ancestral linkath
happened afteP (totalling fO(T — t) if the ancestral link is
deleted, an(f.(T—t) if itis not deleted); and (iii) any further
extinct insertions to the left of the next observed link dtet
ling I, (T — t) if P is an indirectly surviving insertion, and
0 if P is a directly surviving insertion).

We first consider,, (T). In this scenario, the ancestral link

v(tT)(A = (T = 1)) (A = (T = 1))

a(t|T) = (1—a(T)(1 —~(T))
a® (T = ))(1 = AT — 1))
btIT) = (1 —a(])(T)
_ 15Ty
Al = =57 w

is deleted, but has at least one surviving insertion. The pro

bability that a link is not deleted during the interyaJ¢] and
becomes extinct over the intervalT'] is a(t)go (T'—t), while
the probability that the link indirectly survives the intat
[0,T]is (1 — a(T))v(T); write the ratio of these two pro-
babilities asb(¢|T"). The posterior probability thaP was a
directly surviving insertion at time is b(t|T)\, (T — t)dt,
while the posterior probability tha® was an indirectly sur-
viving insertion at timet is b(¢|T) A, (T — t)dt. This gives us
the following integral equation faf,, (7"

T
/t:O
AT = ) (L Lo(T =€) + Loa(T — 1)) )
(11)

1o (T)

b(¢|T) (AU(T (1 + L(T — 1))

Now considerl,, (7). In this scenario, the ancestral link

It can be seen that all of the above calculations of zone
fates require conditioning on the time of an insertion event
(which, in the latter two zone types, can be a direct or irddire
propagation event), then marginalising the time of thimeve
by integration. This procedure is illustrated in Figure 8.

5.2 Finding the expected sitetime of a zone
To calculate the expected time accrued by all links in a zone,
we note that this is given by = <ftio I(t)dt) wherel(t)
is the sequence length at timdga stochastic process). The
integral Z = ftiol(t)dt is called thesite time since it is
effectively the average number of sites multiplied by thalto
time.

To get the site time for all types of zone, we need

is not deleted, and has at least one surviving insertion. The

probability that a link has no surviving insertions over the
interval [¢,T] is 1 — B(T — t), while the probability that
the link has surviving insertions over the interyal 7] is
B(T); write the ratio of these two probabilities ag|T"). The
posterior probability thaP was a directly surviving insertion
at timet is c(t|T)\, (T — t)dt, while the posterior proba-
bility that 7 was an indirectly surviving insertion at tinte

is ¢(t|T)\ (T — t)dt. This gives us the following integral
equation forl,, (T)

T

|

Ao (T = 1)1+ 1o(T — t) + Lo (T — t))m

1o (T)

c(t|T) (AU(T )1+ L(T — 1))

The formulae fow(¢|T), b(¢t|T) andc(t|T) are

Z,(T), the expected site time for a zone whose ance-
stral marker link died in the intervdl, 7] without any
surviving child links to the right;

Z4(T), the expected site time for a zone whose ance-
stral marker link survived the intervéll, T') without any
surviving child links to the right;

Z,+(T), the expected site time for a zone whose ance-
stral marker link died in the intervd0, T'] with at least
one surviving child link to the right; and

Z4(T), the expected site time for a zone whose ance-
stral marker link survived the intervd, '] with at least
one surviving child link to the right.

We find Z,, Z,, Z.. and Z,. via the following integral
equations
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Using EM to estimate indel rates

Zo(T) = ' a(t|TY(1 + o (T — 1) Zo(T — t))dt  (14)
Z(T) = :0(1 + (T = ) Zo(T — t))dt (15)
Zoo(T) = :0 b(t|T) ()\U(T ) Zs(T — 1)
X (T = )(Zo(T — 1) + Zoo(T — t))) dt
(16)
T
Zoo(T) = /t:o c(t|T) ()\U(T —t)(t+ Zo(T — 1))

(T = )(t + Za(T — 1) + Zoa(T — t))) dt
(7)

Again, these calculations are conditioned on the time of an
insertion event that is then integrated out, as is illusttah
Figure 8.

5.3 Algebraic solution

This linear birth-death process with immigration is extens
vely studied, and a system of orthogonal polynomial eigen-
functions is known [27, 28, 17]. To make this work practical
and tidy, a priority should be to find algebraic solutiongte t
integral equations (8)-(17).

5.4 Summing the zone expectations

Let Nxy be the expected number of transitions from state
X to stateY in the Pair HMM, either conditioned on a tru-
sted alignment or calculated for unaligned sequences using
the Forward-Backward algorithm. Define the following sums

No = Npum+Npp+Npp

Ne = Nsuy+ Nsp+ Nsg+ Num + Nup + Nug
+Niv + Nip + Nig

Noe = Npr

Vee = Ngr+ Ny + Ny

The expectation$, I, D andZ, defined in Section 3.3, are
then given by

N U> ~> U»
Il
~»
+
02>
\
=
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Fig. 7. The four different zone types for calculating indel and length expectsti@) Link is deleted, with no surviving insertions (typge
(ii) Link survives, with no surviving insertions (typg. (iii) Link is deleted, with at least one surviving insertion (typ8. (iv) Link survives,
with at least one surviving insertion (type).
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Fig. 8. Calculation of expectations for each type of zone requires conditionirigeotime of an insertion event and then integrating out this
time over the full time-rang@), T']. Case (i): Link is deleted, with no surviving insertions (Figure 7(i); tgpeAn unobserved insertion at
time ¢ looks like Figure 7(i) for the remaining tim& — ¢. Case (ii): Link survives, with no surviving insertions (Figure 7(ii); ¢y. An
unobserved insertion at timelooks like Figure 7(i) for the remaining tim& — ¢. Cases (iii)(a) and (iii))(b): Link dies, with at least one
surviving insertion (Figure 7(iii); typee). There are two possibilitieslirect propagationor indirect propagation Case (iii)(a): if a direct
propagation event occurs at timethen the ancestral link looks like Figure 7(i) for the remaining tifhe- t. Case (iii)(b): if an indirect
propagation event occurs at timethe ancestral link looks like Figure 7(i) for the remaining tiffie- ¢, while the (unobserved) descendant
link looks like Figure 7(iii). Cases (iv)(a) and (iv)(b): Link survivasith at least one surviving insertion (Figure 7(iv); tyg€). Again, there
are two possibilitiesdirect propagatioror indirect propagationCase (iv)(a): if a direct propagation event occurs at timben the ancestral
link looks like Figure 7(ii) for the remaining tim& — ¢. Case (iv)(b): if an indirect propagation event occurs at timmhie ancestral link
looks like Figure 7(ii) for the remaining tim& — ¢, while the (unobserved) descendant link looks like Figure 7(iii).
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Fig. 9. Example zone histories. Top example: zone typ&igure 7(i) and Figure 8(i)). Ancestor dies, with no orphaned sorsivFive
insertions occur during the interval. Site time is shown as shaded areanBetmmple: one zone of typs (Figure 7(iii)) with indirect
propagation (Figure 8(iii)(b)), followed by one zone of tyge(Figure 7(iv)) with direct propagation (Figure 8(iv)(a)) and finallyeozone
of type e (Figure 7(ii) and Figure 8(ii)). Ancestor survives, with two survivingentions, creating three zones. Insertions and site times for

each zone shown using different shadings.
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